Let Gn denote either symplectic or odd special orthogonal group of rank n over a non-archimedean local field F . We provide an explicit description of the Aubert duals of irreducible representations of Gn which occur in the first inductive step in the realization of discrete series representations starting from the strongly positive ones. Our results might serve as a pattern for determination of Aubert duals of general discrete series of Gn and should produce an interesting part of the unitary dual of this group. Furthermore, we obtain an explicit form of some representations which are known to be unitarizable.
Introduction
Let F denote a non-archimedean local field and let G n stand for either symplectic or odd special orthogonal group of rank n over F . This paper presents a continuation of our previous work on the explicit determination of the Aubert duals of irreducible admissible representations of the group G n . The involution on the Grothendieck group of the smooth finite-length representations of a reductive group has been studied by many authors, and we use an involution defined for general reductive p-adic groups in [2] . This involution is known as the Aubert involution and the image of a representation under this involution is called the Aubert dual of a representation. The Aubert involution can be used as a powerful method for studying the induced representations of certain type, as has been done in [7, 27] . Also, it corresponds to the interchange of the two copies of the special linear group SL(2, C) in local Arthur parameters, i.e., the local Arthur parameters of an irreducible representation and its Aubert dual are symmetric. Although this involution satisfies many remarkable properties, an explicit description of the Aubert duals of irreducible representations is known only for a small class of representations. Our intention is to extend this knowledge to a certain class of discrete series representations.
By the Moeglin-Tadić classification of discrete series, every non-cuspidal discrete series representation of G n can be obtained in a finite number of steps starting from a strongly positive discrete series of G n ′ , for some n ′ ≤ n. Each of these steps consists of a parabolic induction with respect to a maximal parabolic subgroup from a representation which has an appropriate irreducible essentially square-integrable representation on the general linear group part and a previous discrete series representation on the classical group part. In terms of this classification, each step consists of adding two consecutive elements in the Jordan block of a discrete series representation of smaller rank group of the same type (the Jordan block is one of the parameters attached to a discrete series by this classification). For more details regarding this construction we refer the reader to [20] and [22] . However, to keep the notation as simple as possible, throughout the paper we do not follow the notation used in [22] and rather use an algebraic formulation when introducing a discrete series representation.
We emphasize that the classification of discrete series given in [20, 22] now holds unconditionally, due to results of [1] , [21, Théorème 3.1.1] and [4, Theorem 7.8] . A shorter form of this classification, which covers both classical and odd general spin groups, can be found in [9] .
In our previous paper ( [17] ), we obtained an explicit description of the Aubert duals of strongly positive discrete series representations of G n . The natural following step is to investigate the Aubert duals of discrete series representations obtained by adding two consecutive elements in the Jordan block of a strongly positive representation. Such a construction presents the first inductive step in the Moeglin-Tadić classification, and provides much more complicated discrete series than the strongly positive ones. We note that such discrete series have also played a crucial role in the determination of the first occurrence indices of discrete series in the metaplectic odd-orthogonal tower ( [13] ). Also, in the generalized principal series induced from such a discrete series on the classical group part occur much more complicated situations then in those induced from the strongly positive ones ( [15] ).
To determine the Aubert duals of discrete series appearing in the first inductive step of the mentioned classification, we use essentially the same methods as in [17] . Our approach is based on the knowledge on the Jacquet modules of studied discrete series, obtained in [14] and [16] , enhanced by the intertwining operators method and basic properties of the Aubert involution. This enables us to determine some prominent members appearing in the Jacquet modules of the Aubert duals, and then to provide an explicit description of the Aubert duals from their Jacquet modules. Since the Jacquet modules of discrete series which we study are much more involved than those of the strongly positive ones, we introduce the notion of so-called (σ, σ)-triple, which enables us to use an inductive procedure when determining the Aubert duals. We note that similar methods have been used in [18] to describe the Langlands quotients of the generalized principal series which are fixed under the Aubert involution.
In the case of general linear groups, an algorithm for the explicit determination of the Aubert duals is given in [23] , and later, by a more explicit formula, in [10] . Also, we take a moment to note the recent paper of Jantzen ([8] ), which provides an algorithm for classical groups in the half-integral case.
An important conjecture regarding the Aubert involution states that it preserves unitarizability, so our results should provide a class of unitarizable representations. Furthermore, results of [5, 25] show that the obtained representations are in particular cases already known to be unitarizable.
Let us now describe the content of the paper in more details. In the second section we recall the required notations and preliminaries. In the third section we prove some technical results which are used later in the paper. A description of the Aubert duals in the most complicated cases is provided in the fourth section, using a case-by-case consideration. The exceptional cases are discussed in the fifth section.
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Preliminaries
Throughout the paper, F will denote a non-archimedean local field of characteristic different than two.
For a connected reductive p-adic group G defined over field F , let Σ denote the set of roots of G with respect to fixed minimal parabolic subgroup and let ∆ stand for a basis of Σ. For Θ ⊆ ∆, we let P Θ denote the standard parabolic subgroup of G corresponding to Θ and let M Θ denote a corresponding standard Levi subgroup. Let W denote the Weyl group of G.
For a parabolic subgroup P of G with the Levi subgroup M , and a representation σ of M , we denote by i M (σ) a normalized parabolically induced representation of G induced from σ. Also, let r M (σ) stand for the normalized Jacquet module of an admissible finite length representation σ of G, with respect to the standard parabolic subgroup having the Levi subgroup equal to M .
We take a moment to recall the definition of the Aubert involution and some of its basic properties ( [2, 3] ). 
Operator D G has the following properties:
(i) D G is an involution.
(ii) D G takes irreducible representations to irreducible ones. (iii) If σ is an irreducible cuspidal representation, then D G (σ) = (−1) |∆| σ.
(iv) For a standard Levi subgroup M = M Θ , we have
where w is the longest element of the set {w ∈ W : w −1 (Θ) > 0}.
Let us now describe the groups that we consider. We look at the usual towers of symplectic or orthogonal groups G n = G(V n ) that are groups of isometries of F -spaces (V n , ( , )), n ≥ 0, where the form ( , ) is non-degenerate and it is skew-symmetric if the tower is symplectic and symmetric otherwise. The set of standard parabolic subgroups of the group G n will be fixed in the usual way.
Then the Levi subgroups of standard parabolic subgroups have the form M ∼ = GL(n 1 , F ) × · · · × GL(n k , F ) × G n ′ , where GL(n i , F ) denotes a general linear group of rank n i over F . For simplicity of exposition, if δ i , i = 1, 2, . . . , k denotes a representation of GL(n i , F ), and if τ stands for a representation of
Similarly, by δ 1 × δ 2 × · · · × δ k we denote the induced representation i M ′ (δ 1 ⊗ δ 2 ⊗ · · · ⊗ δ k ) of the group GL(n ′ , F ), where the Levi subgroup M ′ equals GL(n 1 , F ) × GL(n 2 , F ) × · · · × GL(n k , F ) and n ′ = n 1 + n 2 + · · · + n k .
Let Irr(GL(n, F )) denote the set of all irreducible admissible representations of GL(n, F ), and let Irr(G n ) denote the set of all irreducible admissible representations of G n . Let R(GL(n, F )) stand for the Grothendieck group of admissible representations of finite length of GL(n, F ) and define R(GL) = ⊕ n≥0 R(GL(n, F )). Similarly, let R(G n ) stand for the Grothendieck group of admissible representations of finite length of G n and define R(G) = ⊕ n≥0 R(G n ).
If σ is an irreducible representation of G n , we denote byσ the representation ±D Gn (σ), taking the sign + or − such thatσ is a positive element in R(G n ). We callσ the Aubert dual of σ.
Using Jacquet modules for the maximal standard parabolic subgroups of GL(n, F ), we can define m * (π) = n k=0 (r (k) (π)) ∈ R(GL) ⊗ R(GL), for an irreducible representation π of GL(n, F ), and then extend m * linearly to the whole of R(GL). Here r (k) (π) denotes the normalized Jacquet module of π with respect to the standard parabolic subgroup having the Levi subgroup equal to GL(k, F ) × GL(n − k, F ), and we identify r (k) (π) with its semisimplification in R(GL(k, F )) ⊗ R(GL(n − k, F )).
Let us denote by ν the composition of the determinant mapping with the normalized absolute value on F . Let ρ ∈ Irr(GL(k, F )) denote a cuspidal representation. By a segment of cuspidal representations we mean a set of the form {ρ, νρ, . . . , ν m ρ}, which we denote by [ρ, ν m ρ].
The results of [29] show that each irreducible essentially square-integrable representation δ ∈ Irr(GL(n, F )) is attached to a segment, and we set δ = δ([ν a ρ, ν b ρ]), which is the unique irreducible subrepresentation of ν b ρ×ν b−1 ρ× · · · × ν a ρ, where a, b ∈ R are such that b − a is a non-negative integer and ρ is an irreducible unitary cuspidal representation of some GL(k, F ).
We frequently use the following equation:
Note that multiplicativity of m * implies
For a representation σ ∈ R(G n ) and 1 ≤ k ≤ n, we denote by r (k) (σ) the normalized Jacquet module of σ with respect to the parabolic subgroup P (k) having the Levi subgroup equal to GL(k, F ) × G n−k . We identify r (k) (σ) with its semisimplification in R(GL(k, F )) ⊗ R(G n−k ) and consider
We take a moment to state a result, derived in [26] , which presents a crucial structural formula for our calculations of Jacquet modules of classical groups.
We briefly recall the Langlands classification for general linear groups. We favor the subrepresentation version of this classification over the quotient one.
For every irreducible essentially square-integrable representation δ ∈ R(GL), there is a unique e(δ) ∈ R such that ν −e(δ) δ is unitarizable. Note that e(δ([ν a ρ, ν b ρ])) = (a + b)/2. Suppose that δ 1 , δ 2 , . . . , δ k are irreducible essentially square-integrable representations such that e(δ 1 ) ≤ e(δ 2 ) ≤ . . . ≤ e(δ k ). Then the induced representation δ 1 × δ 2 × · · · × δ k has a unique irreducible subrepresentation, which we denote by L(δ 1 , δ 2 , . . . , δ k ). This irreducible subrepresentation is called the Langlands subrepresentation, and it appears with multiplicity one in the composition series of δ 1 × δ 2 × · · · × δ k . Every irreducible representation π ∈ R(GL) is isomorphic to some L(δ 1 , δ 2 , . . . , δ k ) and, for a given π, the representations δ 1 , δ 2 , . . . , δ k are unique up to a permutation among those δ i having the same exponents.
Similarly, throughout the paper we use the subrepresentation version of the Langlands classification for classical groups, since it is more appropriate for our Jacquet module considerations. So, we realize a non-tempered irreducible representation π of G n as the unique irreducible (Langlands) subrepresentation of an induced representation of the form δ 1 × δ 2 × · · · × δ k ⋊ τ , where τ is a tempered representation of some G t , and δ 1 , δ 2 , . . . , δ k ∈ R(GL) are irreducible essentially square-integrable representations such that e(δ 1 ) ≤ e(δ 2 ) ≤ · · · ≤ e(δ k ) < 0. In this case, we write π = L(δ 1 , δ 2 , . . . , δ k , τ ).
An irreducible representation σ ∈ R(G) is called strongly positive if for every embedding
where ρ i ∈ R(GL(n ρi , F )), i = 1, 2, . . . , k, are cuspidal unitary representations and σ cusp ∈ R(G) is an irreducible cuspidal representation, we have s i > 0 for each i.
For simplicity of exposition, in this paper we are interested in determining the Aubert duals of certain discrete series whose cuspidal supports consist of twists of one selfcontragredient irreducible cuspidal representation of a general linear group and a cuspidal representation of some G n . A description of the Aubert duals of discrete series of the same type and with more general cuspidal supports can then be deduced using [17, Theorem 3.6 ].
Thus, let ρ ∈ Irr(GL(n ρ , F )) and σ cusp ∈ Irr(G n ′ ) denote cuspidal representations. There is a unique non-negative real number α such that ν α ρ⋊σ cusp reduces, and it follows from [1] and [21, Théorème 3.1.1] that α is a halfinteger. Now we recall the description of the strongly positive discrete series obtained in [20, 22] and in [12] .
If α = 0, then the only strongly positive discrete series with the cuspidal support consisting of σ cusp and of twists of ρ is σ cusp . Now assume α > 0 and let k = ⌈α⌉, the smallest integer which is not smaller than α. For every strongly positive discrete series σ whose cuspidal support entirely consists of σ cusp and of twists of ρ, there exist unique real numbers a 1 , a 2 , . . . , a k such that −1 < a 1 < a 2 < · · · < a k , a i − α is an integer for i = 1, 2, . . . , k, and such that σ is the unique irreducible subrepresentation of the induced representation
In the rest of the paper, we denote such representation σ by SP (a 1 , a 2 , . . . , a k ).
In the following several results we summarize the first inductive step in the construction of discrete series starting from the strongly positive ones, as in [22, 28] , and describe the representations whose Aubert duals we study.
where −1 < a 1 < a 2 < · · · < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2 and a j ≥ 0, has exactly two irreducible subrepresentations which are mutually non-isomorphic and square-integrable. We denote them by σ 1 and σ 2 . If j ≥ 2 and has exactly two irreducible subrepresentations which are mutually non-isomorphic and square-integrable. We denote them by σ 1 and σ 2 . In R(G) we have ρ ⋊ σ cusp = τ 1 + τ −1 , for irreducible and not isomorphic tempered representations τ 1 and τ −1 . For every i ∈ {1, 2}, there is a unique j ∈ {1, −1} such that σ i is a subrepresentation of
or, equivalently, such that µ * (σ i ) contains the irreducible constituent
For b − a ∈ {1, 2}, it follows from [5, Theorem 3.1, Theorem 3.2] and [6] that the Aubert duals of both representations σ 1 and σ 2 are unitarizable.
We also note that it follows from [25] that if σ is a discrete series subquotient of the principal series, considered groups are split, and charF = 0, then the Aubert dual of σ is unitarizable.
Proposition 2.5. Suppose that α = 1 2 and let a, b denote positive halfintegers such that a < b. We denote two irreducible square-integrable subrepresentations of the induced representation
Aubert duals of representations described in Theorem 2.4 and Proposition 2.5 are determined in Section 5.
Some technical results
In this section we state and prove several technical results which are useful for our determination of the Aubert duals of discrete series. We note that the following lemma follows from [29] , but we provide an alternative proof, entirely based on the Jacquet module calculations. Proof. It follows from [29, Proposition 3.4 ] that if m * (L(ν a ρ, ν a+1 ρ, . . ., ν a+s ρ)) ≥ ν x ρ ⊗ π ′ , for some irreducible representation π ′ , then x = a and π ′ ∼ = L(ν a+1 ρ, . . . , ν a+s ρ).
Let π denote an irreducible subquotient of L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ) × ν a+k ρ, and write π ∼ = L(δ 1 , δ 2 , . . . , δ l ). Note that e(δ([ν x ρ, ν y ρ])) ≤ e(δ([ν x ′ ρ, ν y ′ ρ])) and x ′ ≤ x imply y ≤ y ′ and, consequently,
Thus, there is a permutation i 1 , i 2 , . . . , i l of 1, 2, . . . , l such that
Let us determine δ i1 , δ i2 , . . . , δ i l . From the cuspidal support of π we obtain that x 1 = a. Note that m * (π) ≥ ν y1 ρ ⊗ π ′ for some irreducible representation π ′ . Since ν y1 ρ ⊗ π ′ is also contained in m * (L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ) × ν a+k ρ), using multiplicativity of m * and [11] , we get that y 1 ∈ {a, a + k}. Let us first assume y 1 = a + k and k = 0. Obviously, in this case π ′ ∼ = L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ). We consider two possibilities:
Using Frobenius reciprocity, we obtain that the Jacquet module of π with respect to an appropriate parabolic subgroup contains ν a+k ρ ⊗ ν a+k−1 ρ ⊗ π ′′ , for some irreducible π ′′ . Thus, m * (L(ν a ρ, ν a+1 ρ, . . ., ν a+s ρ)) ≥ ν a+k−1 ρ ⊗ π ′′ , a contradiction. 2. k = 1: In this case, δ i1 = δ([ν a ρ, ν a+1 ρ]). Frobenius reciprocity implies that the Jacquet module of π with respect to an appropriate parabolic subgroup contains δ i1 ⊗ δ i2 ⊗ · · · ⊗ δ i l and, using transitivity of Jacquet modules, we deduce that there is some irreducible representation π 1 such that m * (π) ≥ δ i1 ⊗ π 1 and the Jacquet module of π 1 with respect to an appropriate parabolic subgroup contains δ i2 ⊗ · · · ⊗ δ i l . It is easy to see that π 1 ∼ = L(ν a+1 ρ, . . . , ν a+s ρ), implying δ i2 = ν a+1 ρ. Now we have the following embeddings and isomorphism:
By [22, Lemma 3.2] , there is an irreducible representation π 2 such that π ֒→ ν a+1 ρ × ν a+1 ρ × π 2 and m * (π) ≥ ν a+1 ρ × ν a+1 ρ ⊗ π 2 . It follows that m * (L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ)) contains an irreducible constituent of the form ν a+1 ρ ⊗ π ′ 2 , a contradiction. Thus, y 1 = a and δ i1 = ν a ρ. There is some irreducible representation π 1 such that m * (π) ≥ ν a ρ ⊗ π 1 and the Jacquet module of π 1 with respect to an appropriate parabolic subgroup contains δ i2 ⊗ δ i3 ⊗ · · · ⊗ δ i l . Let us first consider the case k = 0. Again, there are two possibilities:
1. π 1 ∼ = L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ): Description of the Jacquet modules of L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ) directly implies that l = s + 2 and δ ij = ν a+j−2 ρ for j = 2, 3, . . . , s + 2. 2. π 1 ≤ L(ν a+1 ρ, ν a+2 ρ, . . . , ν a+s ρ) × ν a ρ: In the same way as before we conclude that x 2 = a and y 2 ∈ {a, a+ 1}. If y 2 = a+ 1, then an embedding δ i1 × δ i2 ∼ = ν a ρ × δ([ν a ρ, ν a+1 ρ]) ֒→ ν a+1 ρ × ν a ρ × ν a ρ, Frobenius reciprocity and transitivity of Jacquet modules imply that m * (π) ≥ ν a+1 ρ ⊗ π ′ , for some irreducible π ′ , which is impossible. Thus, y 2 = a, m * (π) ≥ ν a ρ× ν a ρ⊗ L(ν a+1 ρ, ν a+2 ρ, . . . , ν a+s ρ) and δ i3 ⊗ δ i4 ⊗ · · ·⊗ δ i l is contained in the Jacquet module of L(ν a+1 ρ, ν a+2 ρ, . . . , ν a+s ρ) with respect to an appropriate parabolic subgroup. This again implies l = s + 2 and δ ij = ν a+j−2 ρ, for j = 3, 4, . . . , s + 2.
If k > 0, an inductive application of the previous procedure gives δ ij = ν a+j−1 ρ for j = 1, 2, . . . , k − 1, and
Obviously, x k = a + k − 1 and in the same way as before we conclude that
contains an irreducible constituent of the form ν a+k ρ×ν a+k ρ⊗π ′ , but this is impossible since m * (L(ν a+k−1 ρ, ν a+k ρ, . . . , ν a+s ρ) × ν a+k ρ) does not contain such an irreducible constituent. It follows that y k = a + k − 1 and
We see at once that x k+1 = x k+2 = a + k. This also gives δ
Since m * (L(ν a+k ρ, ν a+k+1 ρ, . . . , ν a+s ρ) × ν a+k ρ) ≥ ν y ρ ⊗ π ′ , for some irreducible π ′ , implies y = a + k, we obtain that δ i k+1 = δ i k+2 = ν a+k ρ. Now, in the same way as before, we conclude that l = s + 2 and δ ij = ν a+j−2 ρ, for j = k + 3, k + 4, . . . , l.
Consequently, every irreducible subquotient of L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ)× ν a+k ρ is isomorphic to
L(ν a ρ, . . . , ν a+k−1 ρ, ν a+k ρ, ν a+k ρ, ν a+k+1 ρ, . . . , ν a+s ρ).
From properties of the Langlands classification follows that the representation (3.1) is contained with multiplicity one in L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ) × ν a+k ρ. Consequently, the induced representation L(ν a ρ, ν a+1 ρ, . . . , ν a+s ρ) × ν a+k ρ is irreducible.
Let σ cusp ∈ Irr(G n ′ ) denote a cuspidal representation and let ρ denote an irreducible selfcontragredient cuspidal representation of GL(n ρ , F ). Let α ≥ 0 denote the unique non-negative real number such that the induced representation ν α ρ ⋊ σ cusp reduces, and let k = ⌈α⌉. Lemma 3.2. Suppose that α > 0 and that σ is a subrepresentation of δ([ν −a k+1 ρ, ν a k+2 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ), for −1 < a 1 < a 2 < · · · < a k < a k+1 < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2, and that σ is
or, equivalently, the Jacquet module of τ with respect to an appropriate parabolic subgroup does not contain an irreducible constituent of the form
in the Jacquet module with respect to an appropriate parabolic subgroup.
Suppose that µ * (τ ) contains the irreducible constituent (3.2). Since σ is a subrepresentation of δ([ν a k+1 +1 ρ, ν a k+2 ρ]) ⋊ τ , Frobenius reciprocity and transitivity of Jacquet modules imply that the Jacquet module of σ with respect to an appropriate parabolic subgroup contains
Using transitivity of Jacquet modules again, we assert that
Since µ * (σ) ≤ µ * (δ([ν −a k+1 ρ, ν a k+2 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k )), using Lemma 2.2 and a description of the cuspidal support of δ, we conclude that
It remains to prove that µ * (τ ) contains the irreducible constituent (3.2) if and only if the Jacquet module of τ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
Let us first assume that the Jacquet module of τ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
Transitivity of Jacquet modules implies that there is some irreducible con-
ρ is contained in the Jacquet module of δ ′ with respect to an appropriate parabolic subgroup. Now, calculating
Let us now suppose that µ * (τ ) contains the irreducible constituent (3.2).
is irreducible, it follows that the Jacquet module of τ with respect to an appropriate parabolic subgroup contains
and lemma is proved.
Proof of the following lemma follows directly from [14, Theorem 4.6] and [16, Section 4] . 
where −1 < a 1 < a 2 < · · · < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2. Let i max denote the maximal i such that the Jacquet module of σ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
and otherwise we have
Proof. Condition regarding the Jacquet modules of σ implies that σ is contained in the kernel of an intertwining operator
In the same way we conclude that σ is contained in the kernel of an intertwining operator
A repeated application of this procedure finishes the proof.
Aubert duals of discrete series
In this section we begin with a determination of the Aubert duals of certain discrete series representations.
In the rest of the paper we fix an irreducible cuspidal representation σ cusp ∈ Irr(G n1 ) and an irreducible selfcontragredient cuspidal representation ρ of some GL(n ρ , F ). Let α ≥ 0 denote the unique non-negative real number such that the induced representation ν α ρ ⋊ σ cusp reduces, and let k = ⌈α⌉.
In this section we assume α > 0. Also, if α = 1 2 , in this section we only consider strongly positive representations of the form SP (a) where a > − 1 2 . Remaining cases will be considered in the next section.
As we have already mentioned, we consider only discrete series whose cuspidal support consists of the twist of ρ and of σ cusp .
Let us first introduce the concept of the (σ, σ)-triple which enables us to obtain an explicit description of the Aubert duals using an inductive procedure.
Definition 4.1. Let σ ∈ Irr(G n ) denote a discrete series representation, and let σ denote its Aubert dual. Let π, π ′ denote irreducible admissible representations of G n ′ for some n ′ . Let l denote a non-negative integer and let T be a (possibly empty) set
We say that an ordered triple (T, π, π ′ ) is a (σ, σ)-triple if the following holds:
(a) for an appropriate parabolic subgroup P of G n with the Levi subgroup M , we have
and, if
for an irreducible representation π ′′ , then π ′′ ≤ r M ′′ (π ′ ) for an appropriate parabolic subgroup P ′′ having the Levi subgroup M ′′ .
We emphasize that parts (a) and (b3) of the previous definition, together with the first embedding in (b), allow us to determine the Aubert dual of σ using an inductive procedure, studying the Jacquet modules of π and using properties of the Aubert involution. Also, properties (b1) and (b2) ensure that in each step σ is given as a subrepresentation of an induced representation having a unique irreducible (Langlands) subrepresentation. This follows from a simple commuting argument, and is also stated in Lemma 4.3.
Note that for a discrete series σ ∈ Irr(G n ), (∅, σ,σ) is a (σ,σ)-triple in a trivial way.
The following elementary lemma, which is a direct consequence of the transitivity of Jacquet modules, is useful for our considerations.
Lemma 4.2. Suppose that σ ∈ Irr(G n ), π 1 ∈ Irr(GL(n 1 , F )), n 1 < n, and π 2 ∈ Irr(G n−n1 ) are such that if µ * (σ) contains an irreducible constituent of the form π 1 ⊗ π ′ , then π ′ ∼ = π 2 . For irreducible representations π 3 ∈ Irr(GL(n 3 , F )), n 3 < n − n 1 , and π 4 ∈ Irr(G n−n1−n3 ), the following two statements are equivalent:
1. If the Jacquet module of σ with respect to an appropriate parabolic subgroup contains an irreducible constituent π 1 ⊗ π 3 ⊗ π ′ then π ′ ∼ = π 4 . 2. If the Jacquet module of π 2 with respect to an appropriate parabolic subgroup contains an irreducible constituent π 3 ⊗ π ′ then π ′ ∼ = π 4 .
Proof of the following lemma is immediate.
In particular, π = L(δ i1 , δ i2 , . . . , δ im , τ ).
We now prove several results which will be useful in the verification of properties given in Definition 4.1.
. . , r, and suppose that ν a ρ does not appear in the cuspidal support of σ 1 . If the Jacquet module of σ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
Proof. Transitivity of Jacquet modules implies that there is some irreducible constituent π 1 ⊗σ 2 of µ * (σ) such that ν −b1 ρ⊗· · ·⊗ν −a ρ⊗· · ·⊗ν −b2 ρ⊗ · · · ⊗ ν −a ρ ⊗ · · · ⊗ ν −br ρ ⊗ · · · ⊗ ν −a ρ is contained in the Jacquet module of π 1 with respect to an appropriate parabolic subgroup. We determine π 1 using the structural formula given in Lemma 2.2. Since σ is a subrepresentation of the induced representation (4.1), there exist −a − 1 ≤ x i ≤ y i ≤ −b i , for i = 1, 2, . . . , r, and an irreducible constituent π 2 ⊗ σ 3 of µ * (σ 1 ) such that
Since ν a ρ does not appear in the cuspidal support of σ 1 , ν −a ρ does not appear in the cuspidal support of π 2 . Furthemore, since −x i > 0, it follows that
This finishes the proof.
In the same way as in the proof of the previous lemma, one obtains the following result, where (ν −c ρ) m denotes the product ν −c ρ × · · · × ν −c ρ, where ν −c ρ appears m times:
If the Jacquet module of σ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
where ν −c ρ appears m times, then σ 2 ∼ = σ 1 .
In the following lemma we prove some properties of (σ, σ)-triples which are frequently used in the paper.
Lemma 4.6. Suppose that (T, π, π ′ ) is a (σ, σ)-triple and let a stand for the maximal positive i such that ν i ρ appears in the cuspidal support of π. Let us denote by b the maximal j such that the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
Proof. Let l = |T |. Transitivity of Jacquet modules implies that the Jacquet module of σ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
Elementary properties of the Aubert involution, given in Theorem 2.1 (iv), now imply that the Jacquet module of σ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
. Now property (b3) from Definition 4.1, together with transitivity of Jacquet modules, shows that the Jacquet module of π ′ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
, we deduce that π ′ is a subrepresentation of an induced representation of the form
Suppose that π ′ is not contained in the kernel of an intertwining operator
. Using transitivity of Jacquet modules again, it follows that the Jacquet module of σ with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
, and, consequently, using the properties of the Aubert involution listed in Theorem 2.1 and the part (a) of Definition 4.1, the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
for i ≤ −b, contradicting the choice of b. Thus, π ′ is contained in the kernel of intertwining operator (4.2) for all i ∈ {−b, −b − 1, . . . , −a + 1}. In the same way as in the proof of Lemma 3.4, we see that π ′ is a subrepresentation of
Obviously, x < 0 and, from the definition of a and a description of the cuspidal support of π ′ 3 , we deduce that −a ≤ x. Since e(δ([ν −a ρ, ν −b ρ])) is greater than e(δ([ν x ρ, ν y ρ])), it follows that y ≤ −b and, consequently,
From the proof of Lemma 4.6, we obtain the following result.
Corollary 4.7. Suppose that (T, π, π ′ ) is a (σ, σ)-triple and that π is a subrepresentation of an induced representation of the form
where σ 1 is not necessarily irreducible, and µ * (π) does not contain an irreducible constituent of the form ν y ρ ⊗ σ 2 for y = x + 1, . . . , x + r. Then there is an irreducible representation τ such that π ′ is a subrepresentation of
We now prove a sequence of lemmas which lead to a description of the Aubert duals of studied discrete series representations.
for −1 < a 1 < a 2 < · · · < a k < a k+1 < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2. Let l = |T |. Let x l+1 = y l+1 = a k+2 and let π ′ 1 denote an irreducible representation such that π ′ ֒→ ν −a k+2 ρ ⋊ π ′ 1 . (i) Suppose that π is not a subrepresentation of δ([ν −a k ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k+2 ).
If a k+2 > a k+1 + 1, let π 1 stand for an irreducible subrepresentation of
which is not an irreducible subrepresentation of δ([ν −a k ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k+2 − 1).
If a k+2 = a k+1 + 1, let π 1 stand for the unique irreducible subrepresentation of δ([ν −a k+1 ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ) which does not contain
in the Jacquet module with respect to an appropriate parabolic subgroup. (ii) Suppose that π is a subrepresentation of δ([ν −a k ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k+2 ).
If a k+2 > a k+1 + 1, let π 1 stand for the unique irreducible subrepresentation of both induced representations SP (a 1 , a 2 , . . . , a k−1 , a k+2 − 1).
If a k+2 = a k+1 + 1, let π 1 stand for the unique irreducible subrepresentation of δ([ν −a k+1 ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ) which contains
We only prove (i), because (ii) can be proved in the same way. By [19, Section 8] and Lemma 3.2, µ * (π) ≥ ν a k+2 ρ ⊗ π 1 and if µ * (π) contains an irreducible constituent of the form ν a k+2 ρ ⊗ π 2 , then π 2 ∼ = π 1 . Since (T, π, π ′ ) is a (σ, σ)-triple, it follows that (T ∪ {(x l+1 , y l+1 )}, π 1 , π ′ 1 ) satisfies the part (a) of Definition 4.1. Lemma 4.6 shows that it also satisfies (b1) and (b2), while the property (b3) follows from Lemma 4.4. This finishes the proof.
where −1 < a 1 < a 2 < · · · < a k < a k+1 such that α − a i is an integer for i = 1, 2, . . . , k + 1. Let l = |T |. There are two possibilities to consider:
(i) Suppose that a k+1 > a k + 1. Let x l+1 = x l+2 = y l+1 = y l+2 = a k+1 and let π ′ 1 denote an irreducible representation such that π ′ ֒→ ν −a k+1 ρ × ν −a k+1 ρ ⋊ π ′ 1 . (a) If π is not a subrepresentation of δ([ν −a k ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k+1 ), let π 1 stand for an irreducible subrepresentation of
which is also a subquotient of SP (a 1 , a 2 , . . . , a k−1 , a k+1 − 1).
(ii) Suppose that a k+1 = a k + 1. Let i max denote the maximal i such that the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
in the Jacquet module with respect to an appropriate parabolic subgroup. Then (T ∪ {(x l+1 , y l+1 ), (x l+2 , y l+2 )}, π 1 , π ′ 1 ) is a (σ, σ)-triple. Proof. To shorten the notation, let τ 1 = δ([ν −a k+1 ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ) throughout this proof. We note that the induced representation τ 1 is a length two representation and both its irreducible subquotients are subrepresentations. Furthermore, there is exactly one irreducible subrepresentation of τ 1 which contains
in its Jacquet module with respect to an appropriate parabolic subgroup. Using [24, Theorem 4.1(iii)], one can conclude that such irreducible subrepresentation of τ 1 is also a subrepresentation of δ([ν −a k ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k+1 ).
Let us first discuss the part (i). By [24, Proposition 3.1], the induced representation ν −a k+1 ρ ⋊ SP (a 1 , a 2 , . . . , a k ) is irreducible. This provides the following embeddings and isomorphisms: a 2 , . . . , a k ).
By [22, Lemma 3.2] , there is an irreducible representation π 1 such that π ֒→ ν a k+1 ρ×ν a k+1 ρ⋊π 1 , and µ * (π) ≥ ν a k+1 ρ×ν a k+1 ρ⊗π 1 . Applying the structural formula given in Lemma 2.2, we obtain that π 1 ≤ δ([ν −a k+1 +1 ρ, ν a k+1 −1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ). Let us determine π 1 in terms of π.
Suppose that
Since ν a k+1 ρ does not appear in the cuspidal support of π 1 , applying the structural formula to µ * (ν a k+1 ρ × ν a k+1 ρ ⋊ π 1 ), we conclude that there is an a 2 , . . . , a k ) and only such con-
it follows that π 1 is the unique irreducible subrepresentation of δ([ν −a k+1 +1 ρ, ν a k+1 −1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ) which contains the irreducible representation (4.3) in the Jacquet module with respect to an appropriate parabolic subgroup. In other words, π 1 is also a subquotient of δ([ν −a k ρ, ν a k+1 −1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k+1 − 1). Now suppose that µ * (π) does not contain δ([ν a k +1 ρ, ν a k+1 ρ])×δ([ν a k +1 ρ, ν a k+1 ρ])⊗δ([ν −a k ρ, ν a k ρ])⋊SP (a 1 , a 2 , . . . , a k ).
Let us show that in this case π 1 is not a subquotient of δ([ν −a k ρ, ν a k+1 −1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k+1 − 1). Otherwise, since π 1 is an irreducible subquotient of δ([ν −a k+1 +1 ρ, ν a k+1 −1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ), µ * (π 1 ) would contain the irreducible constituent (4.3) and, using transitivity of Jacquet modules, we conclude that the Jacquet module of π with respect to an appropriate parabolic subgroup contains
But, this is impossible since the only irreducible representation of a general linear group containing ν a k+1 ρ⊗ ν a k+1 ρ⊗ ν a k+1 −1 ρ⊗ ν a k+1 −1 ρ⊗ · · ·⊗ ν a k +1 ρ⊗ ν a k +1 ρ in the Jacquet module with respect to an appropriate parabolic sub-
Again, since ν a k+1 ρ does not appear in the cuspidal support of π 1 , we get that if ν a k+1 ρ ⊗ ν a k+1 ρ ⊗ π 2 appears in the Jacquet module of π with respect to an appropriate parabolic subgroup, for some irreducible π 2 , then π 2 ∼ = π 1 .
From Definition 4.1 we obtain that the Jacquet module of π ′ contains an irreducible constituent of the form ν −a k+1 ρ ⊗ ν −a k+1 ρ ⊗ π ′′ , which implies that π ′ is a subrepresentation of ν −a k+1 ρ × ν −a k+1 ρ ⋊ π ′ 1 , for some irreducible representation π ′ 1 . Now Lemma 4.4 and Lemma 4.6 imply that (T ∪ {(x l+1 , y l+1 ), (x l+2 , y l+2 )}, π 1 , π ′ 1 ) is a (σ, σ)-triple. Let us now discuss the part (ii). If i max = k + 1, the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form ν a k+1 ρ⊗ν a k+1 ρ⊗σ ′ . Since ν a k+1 ρ×ν a k+1 ρ is irreducible, using [22, Lemma 3.1, Lemma 3.2], we deduce that there is some irreducible representation π 1 such that π is a subrepresentation of ν a k+1 ρ × ν a k+1 ρ ⋊ π 1 . Also, since ν a k+1 ρ does not appear in the cuspidal support of π 1 , if µ * (π) contains an irreducible constituent of the form ν a k+1 ρ × ν a k+1 ρ ⊗ π ′ 1 , then π ′ 1 ∼ = π 1 . Furthermore, using the structural formula given in Lemma 2.2 and irreducibility of δ([ν −a k ρ, ν a k ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ), we obtain that the only irreducible constituent of the form ν a k+1 ρ × ν a k+1 ρ ⊗ σ ′ appearing in µ * (τ 1 ) is ν a k+1 ρ × ν a k+1 ρ ⊗ δ([ν −a k ρ, ν a k ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ).
Thus, π 1 ∼ = δ([ν −a k ρ, ν a k ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ). In the same way as in the proof of Lemma 4.6 we deduce that µ * (π ′ ) contains an irreducible constituent of the form ν −a k+1 ρ × ν −a k+1 ρ ⊗ σ ′′ . Using [22, Lemma 3.1, Lemma 3.2] and irreducibility of ν −a k+1 ρ × ν −a k+1 ρ, one can see that there is an irreducible representation π ′ 1 such that π ′ is a subrepresentation of ν −a k+1 ρ×ν −a k+1 ρ⋊π ′ 1 . Since ν −a k+1 ρ does not appear in the cuspidal support of π ′ 1 , and ν x ρ appears in the cuspidal support of π ′ 1 only for −a k+1 + 1 ≤ x ≤ a k+1 − 1, we see at once that (T ∪ {(x l+1 , y l+1 ), (x l+2 , y l+2 )}, π 1 , π ′ 1 ) is a (σ, σ)-triple. Let us now assume that i max < k + 1. In this case we have a j+1 = a j + 1 for j = i max , . . . , k. Similarly as before, π is a subrepresentation of an induced representation of the form ν ai max ρ × ν ai max +1 ρ × · · · × ν a k+1 ρ × ν a k+1 ρ ⋊ π 1 , for some irreducible representation π 1 . Definition of i max now implies that π is also a subrepresentation of L(ν ai max ρ, ν ai max +1 ρ, . . . , ν a k+1 ρ) × ν a k+1 ρ ⋊ π 1 .
Consequently, µ * (π) ≥ L(ν ai max ρ, ν ai max +1 ρ, . . . , ν a k+1 ρ) × ν a k+1 ρ ⊗ π 1 . Since π is a subrepresentation of τ 1 , using the structural formula we deduce that there exist −a k+1 − 1 ≤ i ≤ j ≤ a k+1 and an irreducible constituent δ ⊗ τ 2 of µ * (SP (a 1 , a 2 , . . . , a k )) such that
From [14, Theorem 4.6] we conclude that i ≥ −a k+1 and j ≤ a k+1 . Obviously, i ≤ −a imax and j ≥ a imax . If either i = −a imax or j = a imax , we have
and this representation is irreducible and not isomorphic to the induced representation L(ν ai max ρ, . . . , ν a k+1 ρ) × ν a k+1 ρ, since i max < k + 1. Thus, ν ai max ρ appears in the cuspidal support of δ and [14, Theorem 4.6] implies that δ ∼ = L(ν ai max ρ, . . . , ν am ρ), for some m ∈ {i max , i max + 1, . . . , k}. Thus,
If m = k, using formula for m * we see that ν ai max ρ ⊗ ν ai max +1 ρ ⊗ · · · ⊗ ν a k ρ ⊗ ν a k+1 ρ⊗ν a k+1 ρ is not contained in the Jacquet module of δ([ν am+1 ρ, ν a k+1 ρ])× ν a k+1 ρ×δ. Consequently, m = k, i = −a k+1 , j = a k+1 and π 1 is an irreducible subquotient of δ([ν −a k ρ, ν a k ρ]) ⋊ SP (a 1 , a 2 , . . . , a imax−1 , a imax − 1, . . . , a k − 1).
Such induced representation has two irreducible subquotients, which are both subrepresentations and exactly one of them contains the irreducible constituent ν a k ρ × ν a k ρ ⊗ δ([ν −a k +1 ρ, ν a k −1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a imax−1 , a imax − 1, . . . , a k − 1) in its Jacquet module with respect to an appropriate parabolic subgroup. Suppose that µ * (π 1 ) contains ν a k ρ×ν a k ρ⊗δ([ν −a k +1 ρ, ν a k −1 ρ])⋊SP (a 1 , a 2 , . . . , a imax−1 , a imax −1, . . . , a k −1).
Then π 1 is a subrepresentation of an induced representation of the form ν a k ρ× ν a k ρ ⋊ π 2 . Thus, using Lemma 3.1 we obtain
Since L(ν a k ρ, ν a k+1 ρ) is a subrepresentation of ν a k ρ × ν a k+1 ρ, Frobenius reciprocity shows that the Jacquet module of π with respect to an appropriate parabolic subgroup contains
Transitivity of Jacquet modules and the structural formula for µ * (τ 1 ) imply that ν a k ρ × ν a k ρ × ν a k ρ ⊗ ν a k+1 ρ ⊗ π 2 is contained in the Jacquet module of δ([ν −a k+1 ρ, ν a k ρ]) ⋊ SP (a 1 , a 2 , . . . , a imax−1 , a imax − 1, . . . , a k−1 − 1, a k ), which is impossible. Thus, µ * (π 1 ) does not contain the irreducible constituent (a 1 , a 2 , . . . , a imax−1 , a imax −1, . . . , a k −1).
In the similar way as before we conclude that π ′ is a subrepresentation of an induced representation of the form ν −ai max ρ × ν −ai max −1 ρ × · · · × ν −a k+1 ρ × ν −a k+1 ρ ⋊ σ ′ . Using the same arguments as in the proof of Lemma 4.6, we deduce that there is some irreducible representation π ′ 1 such that
which does not contain an irreducible representation of the form νρ ⊗ π ′′ in its Jacquet module with respect to an appropriate parabolic subgroup, if α = ⌈α⌉.
Proof. Note that, by Lemma 2.2, if an irreducible constituent of the form ν x ρ⊗σ ′ appears in µ * (π), then x = α. Also, no irreducible representation of the form ν α ρ ⊗ ν α ρ ⊗ σ ′ appears in the Jacquet module of π with respect to an appropriate parabolic subgroup. Using Definition 4.1 and properties of the Aubert involution (Theorem 2.1 (iv)), we conclude that µ * (π ′ ) does not contain an irreducible constituent of the form ν x ρ ⊗ σ ′ 1 for x = −α, and that an irreducible constituent of the form ν −α ρ ⊗ ν −α ρ ⊗ σ ′ 1 does not appear in the Jacquet module of π ′ with respect to an appropriate parabolic subgroup.
Obviously, µ * (π) ≥ ν α ρ ⊗ σ ′ for some irreducible σ ′ and standard arguments show that there is some irreducible representation π ′ 1 such that
If y 1 > −α + 1, we have
which is also impossible. Thus, y 1 = −α + 1. From the cuspidal support of π ′ we deduce that
Thus,
In the same way we conclude that y 2 ≤ −α + 2. From e(δ 1 ) ≤ e(δ 2 ), follows that y 2 > −α. If y 2 = −α + 1, we have δ 2 ֒→ ν −α+1 ρ × δ ′ , for some irreducible δ ′ , and, using Lemma 3.1, we obtain that µ * (π ′ ) ≥ ν −α+1 ρ ⊗ σ ′ , for some irreducible σ ′ , a contradiction. Thus, y 2 = −α + 2. If x 2 ≤ −α + 1, we have δ 1 × δ 2 ∼ = δ 2 × δ 1 and in the same way as before we get µ * (π ′ ) ≥ ν −α+2 ρ ⊗ σ ′ , for some irreducible σ ′ . Consequently, x 2 = y 2 = −α + 2 and π is a subrepresentation of L(ν −α ρ, ν −α+1 ρ, ν −α+2 ρ) × δ 3 × · · · × δ m ⋊ τ . An inductive application of this procedure shows that δ i = ν −α+i ρ for i = 1, 2, . . . , m. Since e(δ i ) < 0 for all i, it follows that −α + m < 0.
If τ is not a strongly positive representation, there exist b ≥ a ≥ 0 such that b − a is a non-negative integer and τ is a subrepresentation of δ([ν −a ρ, ν b ρ]) ⋊ τ ′ , for some irreducible representation τ ′ . If b > 0, from the cuspidal support of π ′ we see that ν b−1 ρ does not appear in the cuspidal support of δ 1 × δ 2 × · · · × δ m . Thus, in this case we have τ ֒→ ν b ρ ⋊ σ ′ and
Consequently, if α = ⌈α⌉, τ is a strongly positive representation. Since ν 1 2 ρ can appear only once in the cuspidal support of a strongly positive representation, we get that δ m = ν − 1 2 ρ and the cuspidal support of τ consists of ν 1 2 ρ, ν 3 2 ρ, . . . , ν α ρ, π cusp , where π cusp denotes the partial cuspidal support of π. By [14, Lemma 3.5], a strongly positive representation is completely determined by its cuspidal support and, using the description of the strongly positive representations, we get τ ∼ = SP ( 1 2 , 3 2 , . . . , α). On the other hand, if α = ⌈α⌉, since ρ appears in neither δ 1 ×δ 2 ×· · ·×δ m , nor in the strongly positive part, τ is a tempered representation which is a subrepresentation of an induced representation of the form ρ ⋊ σ sp , for some strongly positive discrete series σ sp . This also implies that, if α = ⌈α⌉, then δ m = ν −1 ρ, since otherwise we would have µ * (π ′ ) ≥ ρ ⊗ σ ′ , for some irreducible σ ′ . Thus, if α = ⌈α⌉, the partial cuspidal support of σ sp consists of νρ, ν 2 ρ, . . . , ν α ρ, π cusp and it follows that σ sp ∼ = SP (1, 2, . . . , α) .
The induced representation ρ ⋊ σ sp reduces, and it is a direct sum of two irreducible subrepresentations. By [28, Lemma 4.7, Corollary 4.9] , there is a unique irreducible tempered subrepresentation of ρ ⋊ SP (1, 2, . . . , α) which contains an irreducible representation of the form νρ ⊗ π ′′ in its Jacquet module with respect to an appropriate parabolic subgroup. Such tempered representation is also a subrepresentation of an induced representation of the form νρ ⋊ σ ′ , for some irreducible σ ′ . Since ν x ρ × νρ ∼ = νρ × ν x ρ for x < 0, the assumption that τ is a subrepresentation of νρ ⋊ σ ′ leads to µ * (π ′ ) ≥ νρ ⊗ σ ′′ , for some irreducible σ ′′ , which is impossible. Thus, τ is the unique irreducible tempered subrepresentation of ρ ⋊ SP (1, 2, . . . , α) which does not contain an irreducible representation of the form νρ ⊗ π ′′ in its Jacquet module with respect to an appropriate parabolic subgroup. This finishes the proof.
We are now ready to prove our first main result.
Theorem 4.11. Suppose that a discrete series σ is a subrepresentation of an induced representation of the form
where −1 < a 1 < a 2 < · · · < a k < a k+1 < a k+2 are such that α − a i is an integer for i = 1, 2, . . . , k + 2, and σ is not a subrepresentation of the induced representation δ([ν −a k ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k+2 ). Let a 0 = α − ⌈α⌉ − 1.
Then the Aubert dual σ of σ is the unique irreducible subrepresentation of the induced representation
where τ temp stands for (i) SP 1 2 , 3 2 , . . . , α , if α = ⌈α⌉, (ii) the unique ireducible tempered subrepresentation of ρ ⋊ SP (1, 2, . . . , α) which does not contain an irreducible representation of the form νρ ⊗ π ′ in its Jacquet module with respect to an appropriate parabolic subgroup, if α = ⌈α⌉.
Proof. Theorem follows from an inductive application of Lemmas 4.8, 4.9 and 4.10, starting from the (σ, σ)-triple (∅, σ, σ). We note that it follows from the definition of the (σ, σ)-triple that in each step σ is obtained as an irreducible subrepresentation of the induced representation having a unique irreducible subrepresentation.
First we are in the case of Lemma 4.8, and a repeated application of that lemma shows that σ is a subrepresentation of −a k+1 −1 i=−a k+2 ν i ρ ⋊ π ′ 1 , for an irreducible representation π ′ 1 . Also, in the last application of Lemma 4.8, we end with a unique irreducible subrepresentation of δ([ν −a k+1 ρ, ν a k+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ) which does not contain an irreducible constituent (a 1 , a 2 , . . . , a k ) in its Jacquet module with respect to an appropriate parabolic subgroup.
This puts us in a situation described in Lemma 4.9. First we are in the part (a) of the case (i) of that lemma, which produces the part −a k −2 j=−a k+1 ν j ρ× ν j ρ. We end with an irreducible subrepresentation of δ([ν −a k +1 ρ, ν a k +1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ) which is not a subquotient of the induced representation δ([ν −a k ρ, ν a k +1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a k−1 , a k + 1). This leads to the situation described in part (b) of the case (ii) of Lemma 4.9.
After a k − α + 1 applications of that lemma, we obtain the part
written in a similar way as in [17, Section 3] , using an approach analogous to the one used in Lemma 3.3. Furthermore, after the last application of Lemma 4.9, we end with an irreducible subrepresentation of δ([ν −α ρ, ν α ρ])⋊σ cusp , which does not contain the irreducible constituent
in the Jacquet module with respect to an appropriate parabolic subgroup. The rest of the proof now follows from Lemma 4.10.
We also note that if a k+2 − a k+1 ∈ {1, 2} then it follows from [5] that the unique irreducible subrepresentation of the induced representation (4.4) is unitarizable. If σ is a subquotient of a principal series, considered groups are split, and charF = 0, it follows from [25] that the unique irreducible subrepresentation of the induced representation (4.4) is unitarizable. Now we state and prove several results which enable us to handle the most complicated case.
Lemma 4.12. Suppose that (T, π, π ′ ) is a (σ, σ)-triple such that π is a subrepresentation of both induced representations δ([ν −aj+1 ρ, ν aj+2 ρ]) ⋊ SP (a 1 , . . . , a j , a j+3 , . . . , a k+2 ) and δ([ν −aj ρ, ν aj+1 ρ]) ⋊ SP (a 1 , . . . , a j−1 , a j+2 , . . . , a k+2 ), where −1 < a 1 < a 2 < · · · < a k+2 are such that α − a i is an integer for i = 1, 2, . . . , k +2, j < k and a j ≥ 0. Let l = |T |. Let i max denote the maximal i such that the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form ν ai ρ ⊗ ν ai+1 ρ ⊗ · · · ⊗ ν a k+2 ρ ⊗ σ ′ . Then i max ≥ j + 2. Let x l+1 = a k+2 , y = a imax and let π ′ 1 denote an irreducible representation such that (a 1 , . . . , a j , a j+3 , . . . , a imax−1 , a imax −1, . . . , a k+2 −1). SP (a 1 , . . . , a j , a j+3 − 1, . . . , a k+2 − 1) .
Let π 1 stand for the unique common irreducible subrepresentation of π ′′ and of δ([ν −aj ρ, ν aj+1 ρ])⋊SP (a 1 , . . . , a j−1 , a j+2 , . . . , a imax−1 , a imax −1, . . . , a k+2 −1).
Since a j+3 > a j + 1 by [12, Section 4] we have an embedding SP (a 1 , . . . , a j , a j+3 , . . . , a k+2 ) ֒→ ν aj+3 ρ × ν aj+4 ρ × · · · × ν a k+2 ρ⋊ SP (a 1 , . . . , a j , a j+3 − 1, a k+2 − 1), which provides another embedding and an isomorphism δ([ν −aj+1 ρ, ν aj+2 ρ]) ⋊ SP (a 1 , . . . , a j , a j+3 , . . . , a k+2 ) ֒→
SP (a 1 , . . . , a j , a j+3 , . . . , a k+2 − 1).
Frobenius reciprocity gives i max ≥ j + 2. It remains to determine π 1 , the rest of the proof then follows from Lemma 4.4 and Lemma 4.6.
There is some irreducible representation δ such that µ * (δ([ν −aj+1 ρ, ν aj+2 ρ]) ⋊ SP (a 1 , . . . , a j , a j+3 , . . . , a k+2 )) ≥ δ ⊗ π 1 , µ * (δ([ν −aj ρ, ν aj+1 ρ]) ⋊ SP (a 1 , . . . , a j−1 , a j+2 , . . . , a k+2 )) ≥ δ ⊗ π 1 , and the Jacquet module of δ with respect to an appropriate parabolic subgroup contains ν ai max ρ⊗ν ai max +1 ρ⊗· · ·⊗ν a k+2 ρ. Using the structural formula and [14, Theorem 4.6] , we obtain that either δ is isomorphic to the representation L(ν ai max ρ, ν ai max +1 ρ, . . . , ν a k+2 ρ) (if i max > j + 2), or δ is an irreducible subquotient of ν aj+2 ρ × L(ν aj+3 ρ, ν aj+4 ρ, . . . , ν a k+2 ρ) (if i max = j + 2). In the first case, π 1 is a common irreducible subquotient of SP (a 1 , . . . , a j , a j+3 , . . . , a imax−1 , a imax − 1, . . . , a k+2 − 1) and of δ([ν −aj ρ, ν aj+1 ρ])⋊SP (a 1 , . . . , a j−1 , a j+2 , . . . , a imax−1 , a imax −1, . . . , a k+2 −1).
Otherwise, π 1 is a common irreducible subquotient of δ([ν −aj+1 ρ, ν aj+2−1 ρ]) ⋊ SP (a 1 , . . . , a j , a j+3 − 1, . . . , a k+2 − 1) and of SP (a 1 , . . . , a j−1 , a j+2 − 1, . . . , a k+2 − 1). Now Theorem 2.3 and [24, Theorem 4.1(iii)] imply that the representation π 1 is completely determined in this way and, if there is some irreducible representation π 2 such that the Jacquet module of π with respect to an appropriate parabolic subgroup contains ν ai max ρ ⊗ ν ai max +1 ρ ⊗ · · · ⊗ ν a k+2 ρ ⊗ π 2 , then π 2 ∼ = π 1 .
Lemma 4.13. Suppose that (T, π, π ′ ) is a (σ, σ)-triple such that π is a unique common irreducible subquotient of δ([ν −a ρ, ν a ρ]) ⋊ SP (a 1 , a 2 , . . . , a i , a + 1, . . . , a + k − i) and of δ([ν −ai ρ, ν a ρ]) ⋊ SP (a 1 , a 2 , . . . , a i−1 , a, a + 1, . . . , a + k − i), for −1 < a 1 < a 2 < · · · < a i < a such that α − a j is an integer for j = 1, 2, . . . , i, and such that a − a i is an integer. Let l = |T |. Let x l+1 = a + k − i, y l+1 = a, x l+2 = y l+2 = a and let π ′ 1 denote an irreducible representation such that π ′ ֒→ δ([ν −a−k+i ρ, ν −a ρ]) × ν −a ρ ⋊ π ′ 1 . Also, let π 1 denote the unique common irreducible subquotient of δ([ν −a+1 ρ, ν a−1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a i , a, a + 1 . . . , a + k − i − 1) and δ([ν −ai ρ, ν a−1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a i−1 , a − 1, a, . . . , a + k − i − 1).
Then (T ∪ {(x l+1 , y l+1 ), (x l+2 , y l+2 )}, π 1 , π ′ 1 ) is a (σ, σ)-triple. We note that if a i = a − 1, then the previous two induced representations are mutually isomorphic and irreducible.
Proof. Clearly, π is a tempered subrepresentation of the induced representation δ([ν −a ρ, ν a ρ]) ⋊ SP (a 1 , a 2 , . . . , a i , a + 1, . . . , a + k − i), and we have the following embeddings and isomorphism: π ֒→δ([ν −a ρ, ν a ρ]) ⋊ SP (a 1 , a 2 , . . . , a i , a + 1, . . . , a + k − i) ֒→ν a ρ × δ([ν −a ρ, ν a−1 ρ]) × ν a+1 ρ × · · · × ν a+k−i ρ⋊ SP (a 1 , a 2 , . . . , a i , a, . . . , a + k − i − 1) ∼ =ν a ρ × ν a+1 ρ × · · · × ν a+k−i ρ × δ([ν −a ρ, ν a−1 ρ])⋊ SP (a 1 , a 2 , . . . , a i , a, . . . , a + k − i − 1). From [24, Theorem 4.1(iii)] one can see that π is also a subrepresentation of the induced representation δ([ν −ai ρ, ν a ρ]) ⋊ SP (a 1 , a 2 , . . . , a i−1 , a, a + 1, . . . , a + k − i), so we have: π ֒→δ([ν −ai ρ, ν a ρ]) ⋊ SP (a 1 , a 2 , . . . , a i−1 , a, a + 1, . . . , a + k − i) ֒→δ([ν −ai ρ, ν a ρ]) × ν a ρ ⋊ SP (a 1 , a 2 , . . . , a i−1 , a − 1, a + 1, . . . , a + k − i)
It follows that µ * (δ([ν −a ρ, ν a−1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a i , a, . . . , a + k − i − 1)) contains an irreducible constituent of the form ν a ρ ⊗ σ 1 , and π is a subrepresentation of an induced representation of the form ν a ρ×ν a+1 ρ×· · ·×ν a+k−i ρ× ν a ρ ⋊ σ 2 . Thus, Frobenius reciprocity shows that the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible representation of the form ν a ρ ⊗ ν a+1 ρ ⊗ · · · ⊗ ν a+k−i ρ ⊗ ν a ρ ⊗ π 1 . From the embedding π ֒→ δ([ν −ai ρ, ν a ρ]) ⋊ SP (a 1 , a 2 , . . . , a i−1 , a, a + 1, . . . , a + k − i) we also obtain that a is the maximal j such that the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible representation of the form ν j ρ ⊗ ν j+1 ρ ⊗ · · · ⊗ ν a+k−i ρ ⊗ σ 3 . Furthermore, using the same embedding we deduce that µ * (π) does not contain an irreducible constituent of the form ν a ρ × ν a ρ × ν a ρ ⊗ σ 4 . Obviously, ν a+k−i ρ does not appear in the cuspidal support of π 1 .
In the same way as in the proof of the previous lemma one can determine π 1 , and in the same way as in the proof of Lemma 3.4 we deduce that π ′ is a subrepresentation of an induced representation of the form δ([ν −a−k+i ρ, ν −a ρ]) × ν −a ρ ⋊ π ′ 1 , for some irreducible representation π ′ 1 . Now in the same way as in the proof of the previous lemma one can show that (T ∪ {(x l+1 , y l+1 ), (x l+2 , y l+2 )}, π 1 , π ′ 1 ) satisfies the property (a) of Definition 4.1.
Also, µ * (π ′ 1 ) does not contain an irreducible constituent of the form ν −a ρ ⊗ σ 4 , since otherwise we would have an embedding of the form
which would lead to an embedding π ֒→ ν a ρ × ν a ρ × ν a ρ ⋊ σ 6 , a contradiction. From Lemma 4.5 we deduce that (T ∪ {(x l+1 , y l+1 ), (x l+2 , y l+2 )}, π 1 , π ′ 1 ) satisfies the property (b3) of Definition 4.1, and it obviously satisfies the property (b1). It remains to check the property (b2), so let π ′ 1 = L(δ ′ 1 , δ ′ 2 , . . . , δ ′ r , τ ). Using Lemma 4.6 we conclude that we only need to check that if e(δ ′ j ) < −a, for some j ∈ {1, 2, . . . , r}, then ν −a ρ×δ ′
. If e(δ ′ j ) < −a, it follows at once that x j < −a. Suppose that there is some j ∈ {1, 2, . . . , r} such that e(δ ′ j ) < −a and ν −a ρ×δ ′ j is not isomorphic to δ ′ j × ν −a ρ. Let us denote the minimal such j by j min . Then we have y jmin = −a − 1. For j = 1, 2, . . . , j min − 1, since e(δ ′ j ) ≤ e(δ ′ j+1 ) and δ ′ j ֒→ ν yj ρ × δ([ν xj ρ, ν yj −1 ρ]), we have either y j ≤ y j+1 or δ ′ j × ν yj+1 ρ ∼ = ν yj+1 ρ × δ ′ j . This enables us to conclude that π ′ 1 is a subrepresentation of ν y ρ ⋊ π ′′ 1 , for y ≤ −a − 1 and an irreducible representation π ′′ 1 . Consequently, the Jacquet module of π ′ with respect to an appropriate parabolic subgroup contains ν −a ρ ⊗ · · · ⊗ ν −a−k+i ρ ⊗ ν −a ρ ⊗ ν y ρ ⊗ π ′′ 1 . Using the property (a) of Definition 4.1, which has already been checked, we deduce that µ * (π 1 ) ≥ ν −y ρ ⊗ π 2 , for some irreducible representation π 2 . But, since π 1 is a subquotient of δ([ν −a+1 ρ, ν a−1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a i , a, a + 1 . . . , a + k − i − 1), from the structural formula and [14, Theorem 4.6] follows that µ * (π 1 ) does not contain irreducible constituent of the form ν x ρ ⊗ π 2 for x ≥ a + 1, so it can not contain ν −y ρ ⊗ π 2 .
Consequently, (T ∪ {(x l+1 , y l+1 ), (x l+2 , y l+2 )}, π 1 , π ′ 1 ) satisfies the property (b2) of Definition 4.1 and (T ∪ {(x l+1 , y l+1 ), (x l+2 , y l+2 )}, π 1 , π ′ 1 ) is a (σ, σ)-triple.
where −1 < a 1 < a 2 < · · · < a k , α − a i is an integer for i = 1, 2, . . . , k, a k ≥ α, and there is some j ∈ {1, 2, . . . , k} such that a j = a and a i+1 = a i + 1 for i ≥ j. Let l = |T |. Let i max denote the maximal i such that the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form
1 . Also, let π 1 denote the irreducible representation δ([ν −a+1 ρ, ν a−1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a imax−1 , a imax − 1, . . . , a k − 1)
Proof. It can be deduced using [22, Proposition 2.1] that the induced representation δ([ν −a ρ, ν a ρ]) ⋊ SP (a 1 , a 2 , . . . , a k ) is irreducible. Thus, there is an i such that µ * (π) contains an irreducible constituent L(a i , a i+1 , . . . , a k ) × ν a ρ × ν a ρ⊗ δ([ν −a+1 ρ, ν a−1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a i−1 , a i − 1, . . . , a k − 1), where a i ≤ a. The rest of the proof now follows exactly as in the proof of Lemma 4.13.
Lemma 4.15. Suppose that (T, π, π ′ ) is a (σ, σ)-triple such that
where a < α and α−a ∈ Z. Then π ′ is the unique irreducible subrepresentation of the induced representation
Proof. For 0 < x < α such that α − x ∈ Z, we have the following embeddings and isomorphisms:
Two possibilities will be studied separately. First, let α = ⌈α⌉. A repeated application of the previous procedure gives an embedding
In the same way as before, we deduce that the Jacquet module of π ′ with respect to an appropriate parabolic subgroup contains ν −a ρ⊗ν −a ρ⊗ν −a+1 ρ⊗ ν −a+1 ρ ⊗ · · · ⊗ ν − 1 2 ρ ⊗ ν − 1 2 ρ ⊗ σ cusp , and, using [22, Lemma 3.1], we see that π ′ is a subrepresentation of
Since the induced representation (4.5) has a unique irreducible (Langlands) subrepresentation, this completely determines π ′ in this case. Second, let α = ⌈α⌉. In the same way as in the first case we conclude that π ′ is a subrepresentation of
We note that the induced representation ρ⋊σ cusp is irreducible and tempered, so π ′ is the unique irreducible (Langlands) subrepresentation of (4.6), and the lemma is proved.
The previous sequence of lemmas leads to our second main result. such that α − a i is an integer for i = 1, 2, . . . , k + 2, −1 < a 1 < a 2 < · · · < a k < a k+1 < a k+2 , m ≥ 3 and a 1 ≥ 0 if m = 3. Let a 0 = α − ⌈α⌉ − 1. If there exists an i, k − m + 3 ≤ i ≤ k, such that a k−i+1 ≥ a k−i + 2, let r = k − m − α + 3, and otherwise let r = −a m−2 . Also, let τ temp denote σ cusp if α = ⌈α⌉ and let τ temp denote ρ ⋊ σ cusp if α = ⌈α⌉. The Aubert dual σ of σ is the unique irreducible subrepresentation of the induced representation
Proof. Theorem follows from an inductive application of Lemmas 4.8, 4.9, 4.12, 4.13, 4.14 and 4.15, starting from (σ, σ)-triple (∅, σ, σ). We note that it follows from the definition of the (σ, σ)-triple that in each step σ is obtained as an irreducible subrepresentation of the induced representation having a unique irreducible subrepresentation.
First we are in the case of Lemma 4.8 (if m = k + 2), or in the case of Lemma 4.12 (if m ≤ k + 1). Using a repeated application of these lemmas, together with Lemma 3.3 and a reasoning similar to the one used in [17, Section 3], we deduce that σ is a subrepresentation of an induced representation of the form
for some irreducible representation π ′ 1 . Note that, if m ≤ k, after several applications of Lemma 4.12 we obtain that σ is a subrepresentation of an induced representation of the form
for some irreducible representation π ′ 2 . In that step appear induced representations δ([ν −am−1 ρ, ν am ρ]) ⋊ SP (a 1 , a 2 , . . . , a m−2 , a m + 1, . . . , a m + k − m + 2), and δ([ν −am−2 ρ, ν am−1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a m−3 , a m , a m + 1, . . . , a m + k − m + 2).
Consequently, in the next application of Lemma 4.12, i max will be equal to m. Again, a repeated application of Lemma 4.12 produces the part Hence, now we are either in a situation described in is non-cuspidal, so we are in the case described in Lemma 4.14, and a repeated application of that lemma produces the part We note that in the case a m−2 + k − m + 2 ≥ α and m = 3 we have either r = k − α or r = −a 1 . If r = −a 1 , then a 1 < a 0 + 2 and, since a 1 ≥ 0 for m = 3, we have a 1 = 0. Thus, if a m−2 + k − m + 2 ≥ α and m = 3, then we have r ∈ {0, 1 2 }, so r > ⌈α⌉ − α − 1 and the product
If a m−2 + k − m + 2 ≥ α and m = 3, using Lemma 4.15 we directly obtain the part
It remains to consider the case a m−2 + k − m + 2 < α. From a description of the strongly positive discrete series follows that a m−2 + k − m + 2 = α − 1, a 1 = α − ⌈α⌉ and a i+1 = a i + 1 for i = 0, 1, . . . , m − 3. Thus, the product
is empty in this case, and r = −a m−2 .
The induced representation (4.8) is in this case isomorphic to the induced representation δ([ν r ρ, ν −r ρ]) ⋊ σ cusp , and an application of Lemma 4.15 finishes the proof.
Note that, if we denote by σ ′ a discrete series subrepresentation of δ([ν −am−1 ρ, ν am ρ]) ⋊ SP (a 1 , a 2 , . . . , a m−2 , a m+1 , . . . , a k+2 ) non-isomorphic to σ, following the notation from the previous theorem, then it follows from Theorem 2.3 that either m = k + 2 or σ ′ is a subrepresentation of δ([ν −am ρ, ν am+1 ρ]) ⋊ SP (a 1 , a 2 , . . . , a m−1 , a m+2 , . . . , a k+2 ).
In the first case, the Aubert dual of σ ′ is described in Theorem 4.11, while in the second case the Aubert dual of σ ′ can be obtained applying the previous theorem with indices one higher. We also note that if a m − a m−1 ∈ {1, 2} or a m−1 − a m−2 ∈ {1, 2}, it follows from [5] that the unique irreducible subrepresentation of the induced representation (4.7) is unitarizable. Also, if σ is a subquotient of a principal series, considered groups are split, and charF = 0, it follows from [25] that the unique irreducible subrepresentation of the induced representation (4.7) is unitarizable.
In the rest of this section we determine the Aubert dual of a discrete series σ in the following two cases:
1. Discrete series σ is a subrepresentation of an induced representation of the form δ([ν −a1 ρ, ν a2 ρ]) ⋊ SP (a 3 , a 4 , . . . , a k+2 ) for 0 ≤ a 1 < a 2 < · · · < a k < a k+1 < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2, and σ is not a subrepresentation of δ([ν −a2 ρ, ν a3 ρ]) ⋊ SP (a 1 , a 4 , . . . , a k+2 ).
2. Discrete series σ is a subrepresentation of an induced representation of the form δ([ν −a2 ρ, ν a3 ρ]) ⋊ SP (a 1 , a 4 , . . . , a k+2 ) for − 1 2 = a 1 < a 2 < · · · < a k < a k+1 < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2, α ≥ 3 2 , and σ is not a subrepresentation of the induced representation δ([ν −a3 ρ, ν a4 ρ]) ⋊ SP (a 1 , a 2 , a 5 . . . , a k+2 ). A similar case when α = 1 2 will be considered in the following section. We start our determination with several lemmas. SP (a 3 , a 4 , . . . , a k+2 ) for 0 ≤ a 1 < a 2 < · · · < a k < a k+1 < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2, and π is not a subrepresentation of δ([ν −a2 ρ, ν a3 ρ]) ⋊ SP (a 1 , a 4 , . . . , a k+2 ). Let l = |T |. Let i max denote the maximal i such that the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form ν ai ρ ⊗ ν ai+1 ρ ⊗ · · · ⊗ ν a k+2 ρ ⊗ σ ′ . Let x l+1 = a k+2 , y l+1 = a imax and let π ′ 1 denote an irreducible representation such that π ′ ֒→ δ([ν −a k+2 ρ, ν −ai max ρ]) ⋊ π ′ 1 . To define π 1 , we consider several possibilities.
• If i max > 2, let π 1 denote a discrete series subrepresentation of
which is not a subrepresentation of a 4 , . . . , a imax−1 , a imax − 1, . . . , a k+2 − 1).
• If i max = 2 and a 2 > a 1 +1, let π 1 denote a discrete series subrepresentation of δ([ν −a1 ρ, ν a2−1 ρ]) ⋊ SP (a 3 − 1, . . . , a k+2 − 1), which is not a subrepresentation of δ([ν −a2+1 ρ, ν a3−1 ρ])⋊SP (a 1 , a 4 −1, . . . , a k+2 −1). • If i max = 2 and a 2 = a 1 +1, let π 1 denote a tempered subrepresentation of δ([ν −a1 ρ, ν a1 ρ])⋊SP (a 3 −1, . . . , a k+2 −1) which does not contain an irreducible constituent of the form ν a3−1 ρ ⊗ σ ′ in the Jacquet module with respect to an appropriate parabolic subgroup.
Then (T ∪ {(x l+1 , y l+1 )}, π 1 , π ′ 1 ) is a (σ, σ)-triple. Proof. This lemma can be proved in the same way as Lemma 4.12. Let us just comment on the definition of π 1 in the case i max = 2 and a 2 = a 1 + 1. Since in this case a i+1 = a i + 1 for i = 2, 3, . . . , k + 1, it follows that if an irreducible constituent of the form ν a3−1 ρ ⊗ σ ′ appears in µ * (δ([ν −a1 ρ, ν a1 ρ]) ⋊ SP (a 3 − 1, . . . , a k+2 − 1)), then σ ′ ∼ = δ([ν −a1 ρ, ν a1 ρ]) ⋊ SP (a 3 − 2, a 4 − 1, . . . , a k+2 −1), and such constituent appears in µ * (δ([ν −a1 ρ, ν a1 ρ])⋊SP (a 3 − 1, . . . , a k+2 − 1)) with multiplicity one. Thus, there is a unique irreducible subrepresentation of δ([ν −a1 ρ, ν a1 ρ])⋊SP (a 3 −1, . . . , a k+2 −1) which contains an irreducible constituent of the form ν a3−1 ρ ⊗ σ ′ in the Jacquet module with respect to an appropriate parabolic subgroup.
Suppose, on the contrary, that µ * (π 1 ) ≥ ν a2 ρ ⊗ σ ′ . Then the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form ν a2 ρ ⊗ ν a3 ρ ⊗ · · ·⊗ ν a k+2 ρ ⊗ ν a2 ρ ⊗ σ ′ 1 . This implies that there is a representation σ ′ 2 such that π is a subrepresentation of ν a2 ρ × ν a3 ρ × · · · × ν a k+2 ρ × ν a2 ρ ⋊ σ ′ 2 . Since i max = 2, we obtain π ֒→ L(ν a2 ρ, ν a3 ρ, . . . , ν a k+2 ρ) × ν a2 ρ ⋊ σ ′ 2 , and Frobenius reciprocity, together with transitivity of Jacquet modules and Lemma 3.1, implies that µ * (π) ≥ ν a2 ρ × ν a2 ρ ⊗ σ ′ 3 , for an irreducible representation σ ′ 3 , which is impossible.
Next lemma can be proved in the same way as the previous one.
Lemma 4.18. Suppose that (T, π, π ′ ) is a (σ, σ)-triple such that π is a subrepresentation of δ([ν −a2 ρ, ν a3 ρ]) ⋊ SP (a 1 , a 4 , . . . , a k+2 ) for − 1 2 = a 1 < a 2 < · · · < a k < a k+1 < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2, and π is not a subrepresentation of δ([ν −a3 ρ, ν a4 ρ]) ⋊ SP (a 1 , a 2 , a 5 . . . , a k+2 ). Let l = |T |. Let i max denote the maximal i such that the Jacquet module of π with respect to an appropriate parabolic subgroup contains an irreducible constituent of the form ν ai ρ ⊗ ν ai+1 ρ ⊗ · · · ⊗ ν a k+2 ρ ⊗ σ ′ . Let x l+1 = a k+2 , y l+1 = a imax and let π ′ 1 denote an irreducible representation such that π ′ ֒→ δ([ν −a k+2 ρ, ν −ai max ρ]) ⋊ π ′ 1 . To define π 1 , we consider several possibilities.
• If i max > 3, let π 1 denote a discrete series subrepresentation of δ([ν −a2 ρ, ν a3 ρ]) ⋊ SP (a 1 , a 4 , . . . , a imax−1 , a imax − 1, . . . , a k+2 − 1), which is not a subrepresentation of δ([ν −a3 ρ, ν a4 ρ]) ⋊ SP (a 1 , a 5 , . . . , a imax−1 , a imax − 1, . . . , a k+2 − 1).
• If i max = 3 and a 3 > a 2 +1, let π 1 denote a discrete series subrepresentation of δ([ν −a2 ρ, ν a3−1 ρ])⋊SP (a 1 , a 4 −1, . . . , a k+2 −1), which is not a subrepresentation of δ([ν −a3+1 ρ, ν a4−1 ρ])⋊SP (a 1 , a 5 −1, . . . , a k+2 −1). • If i max = 3 and a 3 = a 2 +1, let π 1 denote a tempered subrepresentation of δ([ν −a2 ρ, ν a2 ρ])⋊SP (a 1 , a 4 −1, . . . , a k+2 −1), which does not contain an irreducible constituent of the form ν a4−1 ρ⊗σ ′ in the Jacquet module with respect to an appropriate parabolic subgroup.
Then (T ∪ {(x l+1 , y l+1 )}, π 1 , π ′ 1 ) is a (σ, σ)-triple. The following two lemmas enable us to handle a tempered case which appears in an application of the inductive procedure.
Lemma 4.19. Suppose that (T, π, π ′ ) is a (σ, σ)-triple such that π is a subrepresentation of δ([ν −a ρ, ν a ρ]) ⋊ SP (a + 1, . . . , a + k) and µ * (π) does not contain an irreducible constituent of the form ν a+1 ρ ⊗ σ ′ . Let l = |T |.
• If a > ⌈α⌉−α, let x l+1 = a+k, y l+1 = a, x l+2 = y l+2 = a and let π ′ 1 denote an irreducible representation such that π ′ ֒→ δ([ν −a−k ρ, ν −a ρ]) × ν −a ρ ⋊ π ′ 1 . Also, let π 1 denote a tempered subrepresentation of δ([ν −a+1 ρ, ν a−1 ρ]) ⋊ SP (a, . . . , a + k − 1)
From the structural formula, [14, Theorem 4.6] and the fact that µ * (π) does not contain an irreducible constituent of the form ν a+1 ρ⊗σ ′ , we deduce that if µ * (π) ≥ ν x ρ⊗σ ′ , then x = 1
The following theorem can be proved in the same way as Theorem 4.16, using a repeated application of Lemma 4.17 and Lemma 4.19.
Theorem 4.21. Suppose that a discrete series σ is a subrepresentation of δ([ν −a1 ρ, ν a2 ρ]) ⋊ SP (a 3 , a 4 , . . . , a k+2 ) for 0 ≤ a 1 < a 2 < · · · < a k < a k+1 < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2, and that σ is not a subrepresentation of δ([ν −a2 ρ, ν a3 ρ])⋊SP (a 1 , a 4 , . . . , a k+2 ). Let a 0 = ⌈α⌉−α.
The Aubert dual σ of σ is the unique irreducible subrepresentation of the induced representation . We also note that if a 2 − a 1 ∈ {1, 2} then it follows from [5] that the unique irreducible subrepresentation of the induced representation (4.9) is unitarizable. Also, if σ is a subquotient of a principal series, considered groups are split, and charF = 0, it follows from [25] that the unique irreducible subrepresentation of the induced representation (4.9) is unitarizable.
The following theorem can also be proved in the same way as Theorem 4.16, using a repeated application of Lemma 4.18 and Lemma 4.20.
Theorem 4.22. Suppose that a discrete series σ is a subrepresentation of δ([ν −a2 ρ, ν a3 ρ]) ⋊ SP (a 1 , a 4 , . . . , a k+2 ) for − 1 2 = a 1 < a 2 < · · · < a k < a k+1 < a k+2 such that α − a i is an integer for i = 1, 2, . . . , k + 2, and that σ is not a subrepresentation of δ([ν −a3 ρ, ν a4 ρ]) ⋊ SP (a 1 , a 2 , a 5 . . . , a k+2 ). The Aubert dual σ of σ is the unique irreducible subrepresentation of the induced representation of the form (4.10)
We also note that if a 3 − a 2 ∈ {1, 2} then it follows from [5] that the unique irreducible subrepresentation of the induced representation (4.10) is unitarizable. Also, if σ is a subquotient of a principal series, considered groups are split, and charF = 0, it follows from [25] that the unique irreducible subrepresentation of the induced representation (4.10) is unitarizable.
Two exceptional cases
In this section we discuss the remaining two cases. First, we deal with the case when the rank one reducibility equals zero. Proof. Note that it follows directly from Theorem 2.1 that τ i = τ −i , for i = 1, −1.
For an irreducible subrepresentation σ of δ([ν −a ρ, ν b ρ]) ⋊ σ cusp , it follows from [28, Proposition 7.5] , and it is also recalled in Theorem 2.4, that there is a unique i ∈ {1, −1} such that σ is a subrepresentation of δ([νρ, ν a ρ]) × We also note that, for b − a ∈ {1, 2}, it follows from [5] that a unique irreducible subrepresentation of the induced representation (5.2) and a unique irreducible subrepresentation of the induced representation (5.3) are unitarizable.
